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Abstract By using the Lewis—Riesenfeld invariant theory, the geometric phase in a time-
dependent k-Boson and Fermi system has been studied. It is found that the geometric phase
has nothing to do with the field frequency and the coupling coefficient between the Boson
and Fermion.
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1 Introduction

It is known that the concept of geometric phase was first introduced by Pancharatnam [1]
in studying the interference of classical light in distinct states of polarization. Berry [2]
found the quantal counterpart of Pancharatnam’s phase in the case of cyclic adiabatic evo-
Iution. The extension to non-adiabatic cyclic evolution was developed by Aharonov and
Anandan [3]. Samuel et al. [4] generalized the pure state geometric phase by extending it
to non-cyclic evolution and sequential projection measurements. The geometric phase is a
consequence of quantum kinematics and is thus independent of the detailed nature of the dy-
namical origin of the path in state space. Mukunda and Simon [5] gave a kinematic approach
by taking the path traversed in state space as the primary concept for the geometric phase.
Further generalizations and refinements, by relaxing the conditions of adiabaticity, unitarity,
and cyclicity of the evolution, have since been carried out [6]. Recently, the geometric phase
of the mixed states has also been studied [7-9].

As we known that the quantum invariant theory proposed by Lewis and Riesenfeld [10]
is a powerful tool for treating systems with time-dependent Hamiltonians. It was gen-
eralized by introducing the concept of basic invariants and used to study the geometric
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phases [11-14] in connection with the exact solutions of the corresponding time-dependent
Schrodinger equations. The discovery of Berry’s phase is not only a breakthrough in the
older theory of quantum adiabatic approximations, but also provides us with new insights
in many physical phenomena. The concept of Berry’s phase has been developed in some
different directions [15-27]. In this letter, by using the Lewis—Riesenfeld invariant theory,
we shall study the geometric phase in a time-dependent k-Boson and Fermi system.

2 Model
The Hamiltonian in a time-dependent k-Boson and Fermi system is described as
H=wmd'a+Q@ f f+rmia*ff+a™ f1, (1)

where a(a’) are the Bose annihilation (creation) operators which satisfying commutation
relation [@,4%] = 1. f(f7) are the Fermi operators and satisfying relations { £, 7} =1 and
f 2= f 2 =0. w(t) and Q (¢) are the field frequency, A(¢) stands for the coupling coefficient
between the Boson and Fermion.

If introducing the following operators ﬁ+ =a* f "and P_=a' f , one has

(P, Py=aka™fifva™akfff, [Py, P1= @ a™ +a%ah fif —a™ak, (2

[Py.a'a)=kP.,  [P_.d'al=-kP_, [Py, f'fl==P,, [P f'f]=
3)
According to the relations
aa* =N+ DWN+2)--(N+k), a*F=NN-D---(N—k+D, @
with N = a'a, one has
[Py, P_1=[F(N) + G fT f — We(N) — N, )

here Fi(N) and W, (N) are the functions of operator N, and Gy = k!, uy = (—=DF! x
(k — D!. In the following discussion, we consider the stronger coupling case between Boson
and Fermion, so we can let Ay, p = (Fk(N)fo Wk(N)) therefore [P+, ,] =An, s+
GifTf —upa'a.

Equation (1) becomes

Ho)=wma'a+Q) fTf +r@)[Py + P_]. (6)
It is known that for Fermi vacuum state |0), one has f7|0) =|1), f|0) =0, f*ll) =0.If
letting
1 0
|0)=(0>, |1)=(1>, )
one has

i=oa=(g o). Femo=(Y9). FH(9)=(1) ®

so we can restrict our study in the sub-Hilbert space of the supersymmetric quasi-algebra
Pi,a'a,and f1f.
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3 Dynamical and Geometric Phases

For self-consistent, we first illustrate the Lewis—Riesenfeld (L-R) invariant theory [10]. For
a one-dimensional system whose Hamiltonian H (¢) is time-dependent, then there exists an
operator [ (¢) called invariant if it satisfies the equation

)
L +1(), Hn] = ®

The eigenvalue equation of the time-dependent invariant |A,, ¢) is given

FO) A1) = halh, 1), (10)
where %" = 0. The time-dependent Schrodinger equation for this system is
Y O)s 4
i— =H@®)|Y(@))s. an

According to the L-R invariant theory, the particular solution |A,, ), of (11) is different
from the eigenfunction |A,, ¢) of I(¢) only by a phase factor exp[ié,(t)], i.e.,

|)\nst)s :exp[ian(t)]l}‘na[)7 (12)

which shows that |A,, ) (n =1,2,...) forms a complete set of the solutions of (11). Then
the general solution of the Schrodinger equation (11) can be written by

W (0)s =) Coexplisy (DA, 1), (13)

where
t a R
5a(1) = / dr G 1l = B 1 1), (14)
0

and C, = O"ns 0|W(0)>5
For the system described by Hamiltonian (6), we can define the following invariant

[ =a@)Py+a*(t)P_+BaTa+pff, (15)

here B8 and p are the real numbers and they are independent of time. Substituting (6) and
(15) into (9), one has the auxiliary equations

ia(t) +a@ko@) — Q@]+ 10)[p —kB]1=0, a=a". (16)
where dot denotes the time derivative.
3.1 Dynamical and Geometric Phases when k = odd Number

In order to obtain a time-independent invariant, we can introduce the unitary transformation
operator V() = exp[&(t) P- —&*(¢t) P, ]. It is easy to find that when satisfying the following
relations

aOGHED +E W) o e o) 4 B PIGk

[1-— 2 17
2VRED)| 7 cosVAIEDD] =1, (17)
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a(uls(0) +E70)] (0 — Bl)uy -
WYY sin@VAIE()]) + = T [1 — cos@VAIEOD = 1. (18)
a(Dhy, [E@) +E )] . Bk = pings ~
A VEED] sinVIE(D)]) + ——— 7 [1 = cos@VEIENDI =0, (19)
o) a()E? (1)
T[l + cos2VR![E(D)] — W[l — cos(2VK!E(D)D]
W — P G o rilg ) =0, )

2VEE@)]

then a time-independent invariant appears
Iy=Vioiove =a‘a+ fif. Q1)

By using the Baker—Campbell-Hausdoff formula [28]

W(t)aV(r)_aiJrl aii +1 aii ; +1 aii ilils
ar  or 2! ar’ 3Nloar’ ) 4 ar’ T ’

with V(1) = exp[i ()], it is easy to find that when satisfying the following equation

[keo (1) — Q(1)]E" (1)
2VEIE®D)]
MDE2 (1)

20512
L IEEOE ) - mED)]
4VKE@)P

sinvVk!E()]) + %[1 + cos2VE!E)D]

[1 —cos@VK!IEN)] +i&" (1)

[sin2Vk!E(1)]) — 2VK!E(D)]] =0, (23)

one has

av(t)

at
[k (t) — Q)]G
2k!

H @) =VIOHOV@) —iVie)

—omd'a+Q) f1f+ [1 —cosVKEDDIfTf

[Q(1) — ke (1) g
T
| ko) — QWA
2k!
| MM, 50 + 8 W)
2VEIE®@))
AOGE®) + ()]
2VKIE(®)]
AOulE) + E5(1)]
O 2JkED)

[1 —cos2Vk!|E(r))]a"a

L1 — cos2VE!E()])]

sin2Vk!E(D)])

sinVEIED) fT f

sin@vVkl|E@)ata
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IGHEME () —E (DED)]

[1 —cos@VKEDDFT f

4kEDI
i §(DE* (1) — E*(DEM)] rta
O [1— cos2VkllE()D)a"a
idn, [EDE* () — E"(DE®)]
- HEOT [1— cos2VA!I5(@)D]:

So we can get the particular solution of (11):
r, . o 0
[ (1)) = exp{—i / 69¢t"y + 8g(t’)]dt’}V(t’)|n) ® < 1) ,
0

where

[ko (') — Q2()]Gk
2k!

§Ut) = no(t) + Q') + [1 —cos2Vk!|E()])]

n [nQ () — nkw(t")uy [1 — cos@VEIE()))]

2k!

4 L =B 1y cosavRTw
WMZ@%Q z;f O GnvaEd)
W)C;’i_(!";jj "N iRl

- ””");‘ﬁ_fg)(;f*(’/)] sin(2V/A (),

5oy = [ (Z/)gz(;is;tiz(ﬂ)aﬂ)]

x {nug — nug cos@VK!EW)]) — (Gi + A, )1 — cos@VE!E )]},

so the geometric phase is

[nug — nuy cosVk!|E@))1d1

56 = i / [E@)E* () — € (HEW]
0 ks
L [TE@E @) —E )

4k!lE())? (Gi+ oy, 1 = cos @V D11
0 .

3.2 Dynamical and Geometric Phases when k = even Number

(24)

(25)

(26)

€2))

(28)

Similar to Sect. 3.1, we introduce the unitary transformation operator V(t) =expl[é (t)f’_ —

E*(t)ﬁ+]. It is easy to find that when satisfying the following relations

o+ a(®)GE®) + E* ()] + GilE@) Pk — pl =1,
B — a®url&(t) +E* ()] +urlE@)*[o — kBl =1,

(29)
(30)
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a(t) + & (1)[kB — p] =0, a(D[EW) +E O]+ E@)[kB — p] =0, (B
then a time-independent invariant appears
Iy=Vioiove =a‘a+ fif. (32)
When satisfying the relation [kw (1) — Q(1)]&* (1) 4+ A(t) + i£*(t) = 0, one has

Hy()=VIOHOV () - iWr)#

=w®a'a+Q [ f+ ko) - QONEO PGS f
+ Q) — ko ONIED Purd’a + AO[E@) +E* (),
+ ko (1) — LONED Phn,, + AOGIED) +E"O1f f

— MOulE@) + & (01aTa — %[é(t)é*(t) —EWED D, +Gif' f —wa'a).

(33)
So we can get the particular solution of (11):
(1) = exp{—i / 8¢+ 8g<r/)]dr’}0<r’)|n> ® (?) , (34)
0
where
8t = no (1) + Q1) + koo (1) = QEHIEE) PG
+n[Q(") — koo (EE) Pur + AEEE) + E* ()],
+ ko (1)) = QEEE) P An,, + AE)VGLEW) +E5()]
—nat u[E@) +E* (1)1, (35)
881 = —%[é(r’)&*(r’) — E* (&), + G — nuy, (36)
so the geometric phase is
88(t) = /0 {%[S(f’)g*(ﬂ) _ é*(t/)f(t/)][)‘Naf + Gy — nuk]}dt’. (37)

According to Sects. 3.1 and 3.2, it is found that the geometric phase has nothing to do
with the field frequency and the coupling coefficient between the Boson and Fermion.
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